
Prop1 : l e t × be a normed space. Then t h e following

assertions a r e equivalent.

I i i X i s a Banach space.
I i i ) I t a s e r i e s absolutely convergent i nX ,
'

i e EE,1141125, implies that t he series.
E I converges i n norms.

Pt:
* ⇒ i n
s.IE#qf..EI.Xni5absduteYXn
tinX

and

for anyE > O ,
Isn-smh E'

¥11,1141
o n e , for n , m large enough.

{Snl i s a Cauchy sequence.
Since X i s a Banach space,

7- s c -X , Isn-SH i s for n large enough.
That i s , 11¥,Xu -SH < E for n large enough

1 in ⇒ l i l
l e t 1 4 , b e a candy sequence with 5 = 0 .
Let x n s s n - s n - i . t n #

For any' k > 0 , 7- N u tN ,

"±*⇐÷÷i÷÷.
§⇐
,
Xena

,
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BY I i i ) 7-S E X , ¥#converges t o S i n the
norm.

EI, Xn, = (Xn, t Xn,t . . . Yum
= Sn,-Sn... tsn.-Sn,) t---this,)
= 5mm

"ke-SH-H EE, Xin -SH C E .

Recall the definition of dual space.

• l e t X be a normed space. The s e t o f bounded
linear f i ts o n × constitutes a normed space
with norm defined by

HH = ¥1 tiff = guff,#" l .

which i s called the dual space of X and denoted
by x't ,
• A n i s m o t a normed space × onto a
normed space Y i s bi-eave linear operator
T : X → Y which prosverves t h e norm.

11Tilly = 1 1 × 1 1 #
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Thm: The dual space of l " i s the space 19,
where

p,q a r e Holder' conjugates. i .e

(4)* I 19, t a p e -
Pf:
( l ' t c 19
( T : V F → i t . s t TH')*) C V) .

Construct a n injective operator T .
such that ftp.t#E-.f;uheveftllT* (⇒Killer)

For any xc.br, there exists a unique sequence of
Xu E R , S t X ± E x k e r . , where er, i s t h e
Schauder basis of P .
Then fix) =

SE,Xv.#ex) ,
since t i s linear.

Denote tier.) by br, and w e can define a n

injective operator T by
TH) = I but = (Her.))

• T i s injective.
I f f , g t 4 )* withf t 9 . Then I e r . . s t tier.#Hey
⇒ T f t Tg .

Construct a sequence X I ( X I ) a s

Xin=/
165¥

, i f br.to and keen

0 , otherwise
.

Then X"-1×11 E l " . . . - .

Tutorial 3 1 3 / 5



and f i x " ) = E XI,f lea) = Exhibr.
= E, %¥. br, = EE,149

By the boundedness o f f ,

¥ ¥ = Ifni'll e HH. 11×41up
= Htt I ¥, 1×21P, F

AHH 1¥,
ibn"-"P, I¥HHl¥lbH9

#
Therefore. (Elberta) " I f Elba.la/IHHl
le t m e then
1£,lbu.la/4=lllbkH/

q=HtfHatHfIfStep2:l9e1ly*
- .

11171kg ⇒A l l , suriative.
I foray (bn) f l ' , there exists f t V I . s t tf--Ibm)

For a n arbitrary sequence 1bn) t 19.
i t c a n be checked t h a t the mapping

f : P → R

HH I EE,X ubu , - v x e l x r . l t LP.

/
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Hint EEIXv.ba/efE1XryP)&.
(E1br.fytrcx=llxlfp.lllbu1lluaff1l4*
By construction o f f , w e have

flea) = b r. , which impliesthat T i s subative,
a nd HH E 111bulla = Htttha

⇒ Hil l 3 1 .

Thin. The dual space 1' i s t h e space t .
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